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ObserverAbstract Many control laws, such as optimal controller and classical controller, have seen their
applications to suppressing the aeroelastic vibrations of the aeroelastic system. However, those con-
trol laws may not work effectively if the aeroelastic system involves actuator faults. In the current
study for wing flutter of reentry vehicle, the effect of actuator faults on wing flutter system is rarely
considered and few of the fault-tolerant control problems are taken into account. In this paper, we
use the radial basis function neural network and the finite-time H1 adaptive fault-tolerant control
technique to deal with the flutter problem of wings, which is affected by actuator faults, actuator
saturation, parameter uncertainties and external disturbances. The theory of this article includes
the modeling of wing flutter and fault-tolerant controller design. The stability of the finite-time
adaptive fault-tolerant controller is theoretically proved. Simulation results indicate that the
designed fault-tolerant flutter controller can effectively deal with the faults in the flutter system
and can promptly suppress the wing flutter as well.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
With the rapid development of aerospace technology, modern
aircraft perform their characteristics such as high velocity,
lightweight structures, flexible and low damping, which makesthe aeroelasticity phenomenon more and more prominent.
Flutter is one of such problems. Flutter instability may
decrease aircraft performance or even lead to the catastrophic
failure of the structure.1 The traditional passive techniques are
usually inefficient (because they add weight to the structure),
and they do not always succeed. In order to overcome the
inadequacy of passive techniques, the active flutter suppression
techniques were developed in early 1970s. In active flutter sup-
pression, we carry it out by utilizing multiple steerable control
surfaces laid out on the surface of the wing.
The technique of active flutter suppression has drawn much
attention over the past decade.2–6 For example, Yu et al.2
designed a l controller to suppress airfoil flutter, and wind
tunnel experiments were carried out to verify the effectiveness
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feedback controller using linear matrix inequalities (LMIs) to
control the vibration of an improved three-degree-of-freedom
aeroelastic model and this controller could effectively suppress
limit-cycle oscillations over a range of airspeeds. Wang et al.4,5
considered a class of aeroelastic systems with an unmodeled
nonlinearity and external disturbance and proposed a full-
state feedforward/feedback controller with a high-gain
observer; they also designed a continuous robust controller
to suppress the aeroelastic vibrations of a nonlinear wing-
section model. Zhang et al.6 designed a partial state feedback
continuous adaptive controller in order to suppress the aeroe-
lastic vibrations of the wing section model.
Although a number of flutter controller design
approaches,2–6 most of the researches assume that there exists
no actuator fault or failure during the entire flutter suppres-
sion. This assumption is rarely satisfied in practice because
some catastrophic faults may occur due to the malfunction
of actuators. As a result, if the flutter controller is designed
without any fault tolerance capability, an abrupt occurrence
of an actuator fault could ultimately fail the flutter control.
Therefore, we must give priority to considering the faults of
actuators and sensors in the design of the flutter controller.
Therefore, the fault-tolerant control (FTC)7 should be taken
into consideration for the flutter control. In general, FTC
methods are classified into two types: passive fault-tolerant
control (PFTC) and active fault-tolerant control (AFTC)
schemes.7 The PFTC designed by limited faults and fixed con-
troller will not be able to guarantee the performance of the sys-
tem.8–10 Correspondingly, active method11–13 may provide
more powerful fault-tolerant capability for compensating for
faults of the systems in terms of reconfiguring control strate-
gies online or switching to a more suitable control law based
on the fault information. Therefore, in this paper, the investi-
gation of an active fault-tolerant controller for a flutter control
system with the occurrence of unexpected faults or failures. It
is worth mentioning that the above results2–6 are derived from
the assumption that the actuators are able to provide any
requested outputs. However, in almost every physical applica-
tion, the actuator has bounds on its input. Therefore, the phe-
nomenon of actuator saturation has to be considered when the
controller is designed in practical industrial process control
field. In addition, the flutter will destroy the vehicle in a short
time, we must control the flutter within a certain range in a
finite time. However, to the best of our knowledge, the studies
on finite-time adaptive fault-tolerant control of wing flutter are
very limited in the published literature.
In order to reveal the negative effect of the conventional
control on the stability of aeroelastic system and considering
the influence of faults, time-varying parameter uncertainties
and external disturbances, this paper focuses on the designL ¼ 2qVcc
M1
0:5cð1 x0Þ _hþ _hþ Vhþ 112Vc2ðjþ 1ÞM21h3
h i
MT ¼ qVcc2M1 16 cð4 6x0 þ 3x20Þ _hþ ð1 x0Þ _hþ Vð1 x0Þhþ 112c2ð
h
8><
>:of finite-time H1 adaptive fault-tolerant controller for flutter
of wing. A 2D cubic structure nonlinearity wing system is
adopted as structure model. The actuator fault is considered
in the controller design. This paper is organized as follows.
The dynamic equation of wing flutter and the control problem
of flutter system with faults are established in Section 2.
Section 3 presents a finite-time adaptive fault-tolerant flutter
controller based on observer. Numerical simulations are given
in Section 4. Section 5 briefs the conclusions of the research.
2. Flutter model of 2D wing and fault-tolerant control problem
In this section, we briefly recall the mathematical model for the
flutter of a reentry vehicle with actuators fault-free. Based on
this nominal flutter system, the state equation with actuator
faults and saturation, parameter uncertainties and external dis-
turbances are established.
2.1. Wing flutter model under actuators fault-free
In this section, flutter problem for a 2D wing including cubic
hard spring nonlinearity is analyzed. As shown in Fig. 1, a
two degree-of-freedom (2-DOF) wing system model is consid-
ered herein. The plunge deflection is denoted by h, positive in
the downward direction; h is the pitch angle about the elastic
axis, positive nose up; V denotes the air speed; the chord length
is c; Q, p and C are the aerodynamic center, elastic axis and
center of mass, respectively; the distance from the leading edge
to the elastic axis is xp, and that from the leading edge to the
mass center is xC; dLEout and dLEin (or dREout and dREin) are
the control surface angles.
From Fig. 1, the velocity of mass center of wing can be
expressed as
_z ¼ _hþ ðxC  xpÞ _h ð1Þ
The kinetic energy, potential energy and dissipation of the
system can be given by
T ¼ 1
2
mW _z
2 þ 1
2
me _h
2 þ 1
2
IC _h2
U ¼ 1
2
Khh
2 þ 1
2
Khh
2
f ¼ 1
2
Ch _h
2 þ 1
2
Ch _h2
8><
>: ð2Þ
where IC, mW, me, Kh, Kh, Ch and Ch are the moment of inertia
about center of mass, wing mass, wing extra-mass, stiffness
coefficient in plunge, torsion stiffness coefficient, damping
coefficient in plunge and torsion damping coefficient,
respectively.
For supersonic and hypersonic flow, the piston theory is
widely used to calculate the aerodynamics acting on a lifting
surface.14 Applying the piston theory, the aerodynamic force
and moment acting on the wing can be obtained asjþ 1ÞM21ð1 x0ÞVh3
i ð3Þ
Fig. 1 2D wing model with control surface.
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c¼M1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M21  1
q
the aerodynamic correction factor, j the
ratio of specific heat, and x0 the non-dimensional distance
from the leading edge to the elastic axis.
The aerodynamic lift and moment caused by control sur-
face can be expressed as
LdLEout ¼ LdLEin ¼ 12 qV2caCsbdLEout
MdLEout ¼MdLEin ¼ 12 qV2c2bCsbdLEout
(
ð4Þ
where aC is the coefficients of lift force, bC the ratio of the
pitching moment to the deflection angle, and sb the span of
control surface.
The moment caused by the cubic hard spring nonlinearity
of the wing can be written as15
MðhÞ ¼ Khhþ en1h3 ð5Þ
where en1 is the nonlinear stiffness coefficient.
Without considering structural damping, the aeroelastic
equation of the two-dimensional wing system can be deduced
using the Lagrangian method and written into matrix form,
we have
~A€qðtÞ þ qV~B _qðtÞ þ ðqV2 ~Cþ ~DÞqðtÞ þ~fðtÞ ¼ ~buðtÞ ð6Þ
where q(t) = [h(t), h(t)]T is the generalized displacement vec-
tor; ~A, ~B, ~C and ~D are the inertia, aerodynamic damping, aero-
dynamic stiffness and structural stiffness matrices respectively;
u(t) = [dLEout, dLEin]
T is the control input. The expressions of
parameters in Eq. (6) are
~A ¼ mW þme mWðxC  xpÞ
mWðxC  xpÞ mWðxC  xpÞ2 þ IC
" #
;
~B ¼
 2cc
M1
 cc2
M1
ð1 x0Þ
cc2
M1
ð1 x0Þ cc36M1 ð4 6x0 þ 3x20Þ
2
4
3
5;
~C ¼
0 2cc
M1
0  cc2
M1
ð1 x0Þ
" #
;~D ¼ Kh 0
0 Kh
 
;
~b ¼ 
1
2
qV2caCsb  12 qV2caCsb
1
2
qV2c2bCsb 12qV
2c2bCsb
" #
;
~f ¼ 
1
6
qV2c3cðjþ 1ÞM1h3
1
12
qV2c3c2ðjþ 1ÞM1ð1 x0Þh3 þ en1h3
" #
Eq. (6) can be further changed to be
_xðtÞ ¼ AxðtÞ þ BuðtÞ þ fðtÞ ð7Þ
where x ¼ ½hðtÞ; hðtÞ; _hðtÞ; _hðtÞT is the state space vector;
A ¼ 0 I~A1ðqV2 ~Cþ ~DÞ ~A1qV~B
 
, B ¼ 0~A1~b
 
, and
f ¼ 0~A1~fðtÞ
 
.
The parameters in the matrices A and B are determined
based on the computing results for the most serious moment
of reentry flight of the vehicle given in Ref.16. In Ref.16, the
reentry will reach its maximum velocity of 1406 m/s at the
moment 699.19 s; the altitude, longitude, latitude and atmo-
spheric density of the reentry vehicle at this serious moment
can be determined to be 21.87 km, 3907.11 km, 66.05 km
and 0.0644 kg/m3, respectively.
2.2. Wing flutter model under actuator failures
Note that the dynamic equation of flutter in Eq. (7) assumes
that all of the actuators are fault-free, and it is called the nom-
inal system. For an active flutter control system, it is difficult
to ensure the actuator in the ideal working condition. They
are likely to have some problems, such as loss of effectiveness,
float or saturation. For the hypersonic reentry vehicle, the air-
craft will face hostile aerodynamic environment in the reentry
process, such as high temperature, high pressure. The actuator
may have faults, such as loss of effectiveness and float, which
are likely to cause catastrophic accidents of the reentry vehicle.
Therefore, fault tolerance capability should be considered in
flutter controller design.
Fig. 2 Time responses of wing states and observer errors in case
of fault.
Fig. 3 Commanded control in case of fault.
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simultaneously, namely the float fault (actuators generate
additional torque under zero control command caused by volt-
age or current intermittent fault) and the loss of effectiveness
of the actuators as well as actuator saturation, parameter
uncertainties and external disturbances. Hence, the flutter
dynamic model given by Eq. (7) can be rewritten as
_xðtÞ ¼ ðAþ DAðtÞÞxðtÞ þ BqvðtÞ þ BusðtÞ þ fðt; xÞ þ B1wðtÞ
yðtÞ ¼ c1xðtÞ

ð8Þ
where DA represents the parameter uncertainties of wing flut-
ter system, v(t) the actual actuator control vector,
q ¼ diagðq1; q2Þ the effectiveness factor matrix for the reentry
vehicle actuators with 0 < qi 6 1ði ¼ 1; 2Þ; the case when
qi = 1 means that the ith actuator works normally, and
0 < qi < 1 denotes the case in which the ith actuator partially
loses its effectiveness. usðtÞ ¼ ½us1; us2T 2 R21 corresponds to
the ith actuator float fault of reentry vehicle; fðt; xÞ is a nonlin-
ear term; w(t) represents the external disturbances; and y(t) is
the measured output. The parameters B1 and c1 are known
matrices with appropriate dimensions. DA is assumed to satisfy
the following matching condition of Eq. (9).DA ¼ BNðtÞ ð9Þ
where kk represents Euclidean norm of vectors or matrices;
N(t) is an unknown matrix with kNk 6 l and l* is an unknown
constant.
Remark 1. The assumption DA= BN(t) in this paper is made
for the convenience of design is the controller (Eq. (20)).
Through the assumption DA= BN(t), we altered the uncer-
tainties of DA into the uncertainties of N(t). In our paper, we
made compensation for N(t) by the adaptive law k^5 (Eq. (23)).
v is the actual actuator control vector defined as
v ¼
vmax uðtÞ > vmax
uðtÞ þ duðxÞ vmax 6 uðtÞ 6 vmax
vmax uðtÞ < vmax
8><
>: ð10Þ
where vmax and du(x) are the actuator saturation level and aux-
iliary variable; u(t) is the control signal to be designed.
In nonlinear control problem, the radial basis function
(RBF) network is usually used as a tool for modeling nonlinear
system because of its good capabilities in function approxima-
tion. In this paper, the unknown du(x) is approximated by the
RBF network17
Fig. 4 Output of neural networks.
Fig. 5 Adaptive parameters of K^11ðtÞ and K^12ðtÞ.
Table 1 Structural parameters of 2D wing.
Parameter Value Parameter Value
M _h 1.2 aC 3.82
c (m) 0.7 Kh (N/m) 2  106
mW (kg) 1320 xp (m) 0.28
me (kg) 490 V (m/s) 1406
j 1.4 q (kg/m3) 0.0644
IC (kgm2) 13,205 en1 10
sb (m) 1.6 Kh (Nm/rad) 2  104
bC 0.076 xC (m) 0.525
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2
2b2N
 
duðxÞ ¼WThðxÞ þ euðxÞ
x 2 Dx
8><
>>: ð11Þ
Herein, x is the input of neural networks and du(x) the output
of neural networks; the subscript N means the Nth input of
neural networks; hN(x) is the Gaussian function; h(x) is the
output of Gaussian function; cN and bN are the centre vector
and width; W* is the ideal weight matrix. Define
d^uðxÞ ¼ W^ThðxÞ denotes the estimate of du(x), and
duðxÞ ¼ duðxÞ  d^uðxÞ, W^ the estimate ofW*, eu(x) the approx-
imation error, and Dx e R
41 a sufficiently large compact set.
3. Observer-based finite-time H‘ adaptive fault-tolerant flutter
controller design
In this section, an active fault-tolerant flutter controller design
for reentry vehicle is presented, including the design of the
observer and the design of the fault-tolerant flutter controller.
The observer design is first presented to achieve precise esti-
mated flutter states without states measurement. A fault-
tolerant flutter controller is then designed using the flutter
states information from the observer to perform the flutter sta-
bilization control.3.1. Design of observer
In this section, an observer is designed, which can provide the
information of flutter states. These information is sent to the
controller to obtain the control law, which is sent back to
the actuator.
Considering the form of the model Eq. (8), the following
observer is designed:
Fig. 6 Adaptive parameters of k^4ðtÞ and k^5ðtÞ.
1012 M. Gao, G. Cai_^xðtÞ¼ ðAþDAðtÞÞx^ðtÞþBvðtÞþ fðt; x^ÞþLðyðtÞ y^ðtÞÞ ð12Þ
By using the definition eðtÞ ¼ xðtÞ  x^ðtÞ, the dynamics of the
error e(t), between the actual state x(t) and its estimate values
x^ðtÞ, can be obtained from Eqs. (8) and (12) as
_eðtÞ ¼ ðAþ DAðtÞ  Lc1ÞeðtÞ þ Bðq IÞvðtÞ þ BusðtÞ
þ fðt; xÞ  fðt; x^Þ þ B1wðtÞ ð13ÞTheorem 1. If there exists a positive-definite matrix biP
_
and
considering the estimation error Eq. (13), we suppose that the
observer gains are chosen as
P
_
ðA Lc1Þ þ ðA Lc1ÞT P
_
þe1f P
_
P
_
þðefL2g þ eAÞI
þe1A P
_
BBT P
_
< 0
kP
_
BðI qÞkvðtÞ > kP
_
BkkrkusðtÞ þ kP
_
B1kwðtÞ
8>><
>>:
ð14Þ
Then the estimation error dynamics system e(t) is stable.
.Proof. Select the following Lyapunov function V1ðxðtÞÞ ¼
eTðtÞP
_
e. Differentiating the above Lyapunov function yields
_V1ðxðtÞÞ ¼ _eTðtÞP
_
eðtÞ þ eTðtÞP
_
_eðtÞ
¼ eTðtÞ P
_
ðA Lc1Þ þ ðA Lc1ÞT P
_h i
eðtÞ
þ 2eTðtÞP
_
DAðtÞeðtÞ  2eTðtÞP
_
BðI qÞvðtÞ
þ 2eTðtÞP
_
BusðtÞ þ 2eTðtÞP
_
ðfðt; xÞ  fðt; x^ÞÞ
þ 2eTðtÞP
_
B1wðtÞ ð15Þ
Let NTðtÞNðtÞ 6 I, if there exist scalars ef P 0 and eA P 0,
fðt; xÞ  fðt; x^Þ satisfies the Lipschitz condition
kfðt; xÞ  fðt; x^Þk 6 LgkxðtÞ  x^ðtÞk ¼ LgkeðtÞk, Lg> 0, note
the fact that for any positive constant c > 0,
2ab 6 1
c
a2 þ cb2 8a; b > 0 ð16Þ
Using Eqs. (9) and (16), we have
2keTðtÞP
_
LgeðtÞk 6 e1f keTðtÞP
_
k2 þ efL2gkeðtÞk2
2keTðtÞP
_
DAðtÞeðtÞk 6 e1A keTðtÞP
_
Bk2 þ eAkeðtÞk2
8<
: ð17Þ
Using Eq. (17), Eq. (15) can be written as
_V1ðxðtÞÞ ¼ eTðtÞ P
_
ðA Lc1Þ þ ðA Lc1ÞT P
_
þe1f P
_
P
_
þefL2gI
h
þe1A P
_
BBT P
_
þeAI
i
eðtÞ
þ 2eTðtÞP
_
B1wðtÞ2eTðtÞP
_
Bðq IÞvðtÞ
þ 2eTðtÞP
_
BusðtÞ ð18Þ
According to Theorem 1, Eq. (18) can be written as
_V1ðxðtÞÞ 6 0 ð19Þ
then the error dynamics system Eq. (13) is stable. Thereby the
proof is completed. h3.2. Finite-time fault-tolerant flutter controller design
In this section, a novel finite-time fault-tolerant flutter control
algorithm is investigated to suppress the wing flutter based on
the observer Eq. (12).
Considering Eqs. (8) and (11), the adaptive flutter control
law is designed as
uðtÞ ¼ K^1ðtÞ þ K2ðtÞ þ K3ðtÞ
 
x^ðtÞ  d^uðxÞ ð20Þ
where K^1ðtÞ is given by an adaptive gain for the guarantee of
the flutter system stability; K2(t) and K3(t) are by an adaptive
gain for eliminating the effects of float, external disturbances
and parameter uncertainties. The expressions of K^1ðtÞ, K2(t)
and K3(t) are given below. We can prove that these expressions
may guarantee the stability of the flutter control system. The
proof procedure is given below too.
Below we give the expressions of K^1ðtÞ, K2(t) and K3(t) and
then utilize the Lyapunov method to prove that the flutter con-
troller given by Eq. (20) can guarantee the stability of the sys-
tem. The adaptive gain K^1iðtÞ is chosen as
Robust fault-tolerant control for wing flutter under actuator failure 1013dK^1iðtÞ
dt
¼ Cix^ðtÞx^TðtÞ~P jbi i ¼ 1; 2 ð21Þ
where Ci is any positive constant; bi is the ith column of B; and
~P j :¼ ~P j : max jðk~P jkÞ
 	
.
K2(t) and K3(t) are given as
K2ðtÞ ¼ B
T ~P jb1kx^TðtÞ~P jBkk^4ðtÞ
a1kx^TðtÞ~P jBk2
K3ðtÞ ¼ 12 gBT~P jk^5ðtÞ
8<
: ð22Þ
where a1, b1 and g are given positive constants; k^4 and k^5 are
updated by the following adaptive equations of Eq. (23).
dk^4ðtÞ
dt
¼ r1kx^TðtÞ~P jBk
dk^5ðtÞ
dt
¼ r2gkx^TðtÞ~P jBk2
8<
: ð23Þ
where r1 and r2 are given positive constants.
W^ is given as
dW^i
dt
¼ r3hðxÞx^TðtÞ~P jbi i ¼ 1; 2 ð24Þ
where r3 is a given positive constant.
Denote
~K1ðtÞ ¼ K1  K^1ðtÞ
~k4ðtÞ ¼ k4  k^4ðtÞ
~k5ðtÞ ¼ k5  k^5ðtÞ
~WT ¼WT  W^T
8>><
>>>:
ð25Þ
where k4 and k5 are positive constants for eliminating the
effects of float, external disturbances and parameter
uncertainties.
Substituting Eqs. (10) and (20) into Eq. (8), the closed-loop
flutter system can be written as
_xðtÞ ¼ ðAþ DAðtÞÞxðtÞ þ Bq½ðK^1ðtÞ þ K2ðtÞ þ K3ðtÞÞx^ðtÞ
d^uðxÞ þ duðxÞ þ BusðtÞ þ fðt; xÞ þ B1wðtÞ
yðtÞ ¼ c1xðtÞ
8><
>:
ð26Þ
Assumption 1. For any given positive number ds, dw, dd and the
actual working time Tf, the float fault us(t), nonlinear vector
fðt; xÞ, external disturbances w(t) and duðxÞ are time-varying
and satisfy
R Tf
0
uTs ðtÞusðtÞdt 6 ds ds P 0R Tf
0
wTðtÞwðtÞdt 6 dw dw P 0R Tf
0
dTu ðxÞduðxÞdt 6 dd dd P 0
8><
>: ð27Þ
Remark 2. The actual output torque generated is bounded due
to practical physical limitations of the actuators, and thus, the
float fault us(t) and the auxiliary variable (du(x) = v(t)  u(t))
are also bounded. In addition, the external disturbances w(t),
in Eq. (8) include center of mass migration, moment of inertia
error, gravitational perturbation, atmospheric density devia-
tion, and are also bounded. Assumption 1 is, therefore, reason-
able for flutter system.Definition 1 18. For given positive constants c1, ds, df, dw, Tf
and a symmetric matrix R> 0, the resulting closed-loop flutter
system Eq. (26) is said to be robustly finite-time bounded
(FTB) with respect to (c1, c2, Tf, R, ds, df, dw), if there exists
a constant c2 (c2 > c1), such that
xT0Rx^0 6 c1 ) xTðtÞRxðtÞ < c2 8t 2 ½0;Tf ð28Þ
Definition 2 19. If there exists feedback controller in form
Eq. (20), such that the resulting closed-loop flutter system
Eq. (26) is FTB with respect to (c1, c2, Tf, R, ds, dw, dd) under
the assumed zero initial condition, the flutter system output
satisfies the following inequality for Tf > 0 and for all admis-
sible w(t) which satisfy Assumption 1.
Z Tf
0
yTðtÞyðtÞdt 6 c2
Z Tf
0
wTðtÞwðtÞdt ð29Þ
where c is a constant. Then the flutter control law Eq. (20) is
called the robust finite-timeH1 flutter controller of the nonlin-
ear flutter systems Eq. (26).
Lemma 1 20. For given symmetric matrix S ¼ S11 S12
S21 S22
 
, the
following three conditions are equivalent.
ð1Þ S < 0
ð2Þ S11 < 0;S22  ST12S111 S12 < 0
ð3Þ S22 < 0;S11  S12S122 ST12 < 0
8><
>: ð30Þ
.
Theorem 2. For given positive constants a0, c1, Tf, ds, dw, dd and
a symmetric matrix R > 0, the closed-loop flutter control system
Eq. (26) is FTB with respect to (c1, c2, Tf, R, ds, dw, dd), if there
exist positive constant c2 and symmetric positive-definite matrix
~P, such that
X ~P jBq ~P jB ~P jB1
 I 0 0
  I 0
   I
2
6664
3
7775 < 0 ð31Þ
c1
kminðP jÞ
þ ðds þ dw þ ddÞ < c2e
a0t
kmax ðP jÞ
ð32Þ
where X¼ ~P j Aþ AT~P ja0~P jþ e1f ~P j~P jþ efL2gI, ~P j ¼ R
1
2P jR
1
2,
and A ¼ Aþ DAðtÞ þ Bq K^1ðtÞ þ K2ðtÞ þ K3ðtÞ
 
.
Proof. For the closed-loop flutter system Eq. (26), we first
define a Lyapunov functional candidate as
V2ðxðtÞÞ ¼ xTðtÞ~P jxðtÞ. Then
_V2ðxðtÞÞ ¼ _xTðtÞ~P jxðtÞ þ xTðtÞ~P j _xðtÞ
¼ xTðtÞ ~P j Aþ AT~P j
 xðtÞ þ 2xTðtÞ~P jBqduðxÞ
þ 2xTðtÞ~P jBusðtÞ þ 2xTðtÞ~P jfðt; xÞ
þ 2xTðtÞ~P jB1wðtÞ ð33Þ
1014 M. Gao, G. CaiUsing Eq. (17), Eq. (33) can be written as
_V2ðxðtÞÞ ¼ _xTðtÞ~P jxðtÞ þ xTðtÞ~P j _xðtÞ
¼ xTðtÞ ~P j Aþ AT~P j þ e1f ~P j~P j þ efL2gI
 
xðtÞ
þ 2xTðtÞ~P jBqd

uðxÞ þ 2xTðtÞ~P jBusðtÞ
þ 2xTðtÞ~P jB1wðtÞ ð34Þ
Define the following function
J1 ¼ _V2ðxðtÞÞ  a0xTðtÞ~P jxðtÞ  dTu ðxÞduðxÞ
 uTs ðtÞusðtÞ  wTðtÞwðtÞ ð35Þ
The condition inequality (31) implies J1 < 0. Multiplying
the above inequality by ea0t, we derive
d
dt
ea0t VðxðtÞÞð Þ < ea0t dTu ðxÞduðxÞ þ uTs ðtÞusðtÞ þ wTðtÞwðtÞ

 
ð36Þ
Note that ~P j ¼ R12P jR12. By integrating the aforementioned
inequality between 0 and t, we get
V2ðxðtÞÞ < ea0tVðx0Þ þ ea0t
Z t
0
ea0sðdTu ðsÞduðsÞ
þ uTs ðsÞusðsÞ þ wTðsÞwðsÞÞds
< ea0txTð0Þ~P jxð0Þ þ ðds þ dw þ ddÞea0t
6 kmax ðP jÞc1ea0t þ ðds þ dw þ ddÞea0t ð37Þ
On the other hand, the following condition holds:
V2ðxðtÞÞ ¼ xTðtÞR12P jR12xðtÞP kminðP jÞxTðtÞRxðtÞ ð38Þ
From Eqs. (37) and (38), we can get
xTðtÞRxðtÞ < ðkmax ðP
jÞc1 þ ds þ dw þ ddÞea0t
kminðP jÞ
ð39Þ
Condition Eq. (32) implies that for 8t 2 ½0;Tf, xT(t)Rx(t)
< c2. According to Definition 1, this completes the proof. h
Theorem 3. For given positive constants a0, c1, Tf, ds, dw, dd, l,
a1, b1, k4, k5 and a symmetric matrix R > 0, the closed-loop
flutter control system Eq. (26) is FTB with respect to (c1, c2,
Tf, R, ds, dw, dd) and satisfies the Eq. (29) for all admissible
w(t), if there exist positive constants c2, cf > cn, g, ef, symmetric
positive-definite matrix ~Pj for any q and any appropriately
dimensioned matrices Z, Jj and L, which satisfy
X3 Z
T 0 v1ZTcT1 0 0 0
 X4 B1 0 BqL 0 ~Pj
  c20 0 0 0 0
   X^ 0 0 0
    Z ZT ~Pj  Z 0
     J j 0
      X
2
666666666664
3
777777777775
< 0
ð40Þc1
kminðP jÞ
þ ðds þ dw þ ddÞ < c2e
a0t
kmax ðP jÞ
ð41Þ
kxTðtÞ~P jBqBT~P jxðtÞk 6 lkxTðtÞ~P jBk2 ð42Þ
a1 x
TðtÞ~P jB
 2 P b1 xTðtÞ~P jBq12 2 ð43Þ
xTðtÞ~P jB
 k4 þ xTðtÞ~P jBusðtÞþ xTðtÞ~P jBeumax  6 0
ð44Þ
where X3 ¼ v1ð~Pj  Z ZTÞ, X4 ¼ A~Pjþ~PjAT
ðvþ a0Þ~Pj þe1f IþJ jþBqLþðBqLÞT, X^ ¼ I v1c1~PjcT1 ,
X ¼  1gþ efL2g
 1
I; eumax(x) is the maximum value of approx-
imation error eu(x) (Eq. (11)), c0 = cn and c0 = cf denote the
adaptive H1 performance bounds for the normal case and fault
cases of the closed-loop flutter FTC system Eq. (26), respec-
tively, then the adaptive closed-loop flutter system Eq. (26) will
exists a H1 FTC controller.
Proof. Select the same Lyapunov function candidate as
Theorem 2 and define the following function.J2 ¼ V2ðxðtÞÞ þ qi ~KT1iðtÞC1i ~K1iðtÞ þ r11 ~k24ðtÞ
þ 1
2
lr12 ~k
2
5ðtÞ þ qir13 ~WTi ~Wi
X2
i¼1
X2
i¼1
ð45Þ
J3 ¼ _J2  a0xTðtÞ~P jxðtÞ þ yTðtÞyðtÞ  c20wTðtÞwðtÞ ð46Þ
Then, according to Eqs. (9), (11), (26), (22) and (25), J3 can
be written as
J3 6 xTðtÞ ~P j AþBqK^1ðtÞ
 
þ ðAþBqK^1ðtÞÞT~P j  a0~P j
h i
xðtÞ
þ 2lkxTðtÞ~P jBkkxðtÞk
þ 2xTðtÞ~P jBqBT~P jxðtÞb1kxTðtÞ~P jBkk^4ðtÞ= a1kxTðtÞ~P jBk2
 
þ xTðtÞ~P jBqgBT~P jxðtÞk^5ðtÞ þ 2xTðtÞ~P jBqð ~WThðxÞ
þ euðxÞÞ þ 2kxTðtÞ~P jBkusðtÞ þ 2xTðtÞ~P jfðt; xÞ
þ 2xTðtÞ~P jB1wðtÞ þ xTðtÞcT1 c1xðtÞ  c20wTðtÞwðtÞ
 2qi ~KT1iðtÞC1i _^K1iðtÞ  2r11 ~k4ðtÞ _^k4ðtÞ
 lr12 ~k5ðtÞ _^k5ðtÞ  2r13 qi ~WTi _^Wi
X2
i¼1
X2
i¼1
ð47Þ
Note the fact that for any positive constant c0 > 0,
2xTðtÞ~P jB1wðtÞ 6 c20 xTðtÞ~P jB1BT1 ~P jxðtÞ þ c20wTðtÞwðtÞ ð48Þ
By Eqs. (42) and (43), we can obtain
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 
þ ðAþ BqK^1ðtÞÞT~P j  a0~P j
h i
xðtÞ
þ 2lkxTðtÞ~P jBkkxðtÞk þ 2kxTðtÞ~P jBkk^4ðtÞ
þ lgkxTðtÞ~P jBk2k^5ðtÞ þ 2xTðtÞ~P jBqð ~WThðxÞ þ euðxÞÞ
þ 2kxTðtÞ~P jBkusðtÞ þ 2xTðtÞ~P jfðt; xÞ
þ c20 xTðtÞ~P jB1BT1 ~P jxðtÞ þ c20wTðtÞwðtÞ þ xTðtÞcT1 c1xðtÞ
 c20wTðtÞwðtÞ  2qi ~KT1iðtÞC1i _^K1iðtÞ  2r11 ~k4ðtÞ _^k4ðtÞ
 lr12 ~k5ðtÞ _^k5ðtÞ  2r13 qi ~WTi _^Wi
X2
i¼1
X2
i¼1
ð49Þ
Using Eqs. (16) and (17), we have
2lkxTðtÞ~P jBkkxðtÞk 6 l glkxTðtÞ~P jBk2 þ 1gl kxðtÞk2
 
2kxTðtÞ~P jfðt; xÞk 6 e1f kxTðtÞ~P jk2 þ efL2gkxTðtÞk2
8<
:
ð50Þ
Using Eq. (50), lglkxTðtÞ~P jBk2 ¼ lg l2l kxTðtÞ~P jBk2 and let
k5 ¼ l2l, Eq. (49) can be written as
J3 6 xTðtÞ ~P jðAþ BqK^1ðtÞÞ þ ðAþ BqK^1ðtÞÞT~P j  a0~P j
h
þe1f ~P j~P j þ efL2g
1
g
Iþ c20 ~P jB1BT1 ~P j þ cT1 c1

xðtÞ
 lgkxTðtÞ~P jBk2k5 þ 2kxTðtÞ~P jBkk^4ðtÞ
þ lgkxTðtÞ~P jBk2k^5ðtÞ þ 2xTðtÞ~P jBqð ~WThðxÞ
þ euðxÞÞ þ 2kxTðtÞ~P jBkusðtÞ  2qi ~KT1iðtÞC1i _^K1iðtÞ
 2r11 ~k4ðtÞ _^k4ðtÞ  lr12 ~k5ðtÞ _^k5ðtÞ  2r13 qi ~WTi _^Wi
X2
i¼1
X2
i¼1
ð51Þ
Using Eqs. (25) and (44), Eq. (51) becomes
J3 6 xTðtÞ½~P jðAþ BqK1Þ þ ðAþ BqK1ÞT~P j  a0~P j
þ e1f ~P j~P j þ efL2gIþ
1
g
Iþ c20 ~P jB1BT1 ~P j þ cT1 c1xðtÞ
 2xTðtÞ~P jBq~K1ðtÞxðtÞ  2kxTðtÞ~P jBk~k4ðtÞ
 lgkxTðtÞ~P jBk2 ~k5ðtÞ þ 2xTðtÞ~P jBq ~WThðxÞ
 2qi ~KT1iðtÞC1i _^K1iðtÞ  2r11 ~k4ðtÞ _^k4ðtÞ
 lr12 ~k5ðtÞ _^k5ðtÞ  2r13 qi ~WTi _^Wi
X2
i¼1
X2
i¼1
ð52Þ
Set
~P jðAþ BqK1Þ þ ðAþ BqK1ÞT~P j  a0~P j þ e1f ~P j~P j þ efL2gI
þ 1
g
Iþ c20 ~P jB1BT1 ~P j þ cT1 c1 < 0 ð53Þ
Using Eq. (30), Eq. (53) can be written as
X1 ~P
jB1 c
T
1 I
 c2I 0 0
  I 0
   X
2
6664
3
7775 < 0 ð54Þ
whereX1¼ ~PjAþAT~Pja0~Pjþe1f ~Pj~Pjþ ~PjBqK1 þðBqK1ÞT~P j.Pre- and post-multiplying the inequality (54) by block-
diagonal matrix diagð~Pj; I; . . . ; IÞ, Eq. (54) can be further
changed to be
X2 B1 ~P
jcT1 ~P
j
 c2I 0 0
  I 0
   X
2
666666664
3
777777775
< 0 ð55Þ
where X2 ¼ A~Pj þ ~PjAT  a0~Pj þ e1f Iþ BqK1~Pj þðBqK1~PjÞ
T
.
For any positive constant v> 0, Eq. (55) is equivalent to
X2  v~Pj B1 0 ~Pj
 c20I 0 0
  X^ 0
   X
2
6666664
3
7777775
þ KTv~PjK < 0 ð56Þ
where K ¼ ½I; 0; v1cT1 ; 0. Then, applying Eq. (30), Eq.
(56) can be written as
v1~P j I 0 v1cT1 0
 X2  v~Pj B1 0 ~Pj
  c20I 0 0
   X^ 0
    X
2
66666664
3
77777775
< 0 ð57Þ
Pre- and post-multiplying both sides of Eq. (57) by
diagðZT; I; . . . ; IÞ, Eq. (57) can be further changed to be
v1ZT~P jZ ZT 0 v1ZTcT1 0
 X2v~Pj B1 0 ~Pj
  c20I 0 0
   X^ 0
    X
2
66666664
3
77777775
< 0 ð58Þ
Due to ZT~P jZP Zþ ZT  ~Pj, Eq. (58) can be written as
X3 Z
T 0 v1ZTcT1 0
 X2  v~Pj B1 0 ~Pj
  c20I 0 0
   X^ 0
    X
2
66666664
3
77777775
< 0 ð59Þ
where X3 ¼ v1ð~Pj  Z ZTÞ. Let K1 = LZ1, from Eq. (59)
we have
X2  v~Pj ¼ ðAþ BqK1Þ~Pj þ ~PjðAþ BqK1ÞT
 v~Pj  a0~Pj þ e1f I
¼ ðAþ BqLZ1Þ~Pj þ ~PjðAþ BqLZ1ÞT
 v~Pj  a0~Pj þ e1f I
¼ A~Pj þ ~PjAT  ðvþ a0Þ~Pj þ e1f Iþ J j
þ BqLþ ðBqLÞT þ BqLZ1ð~Pj  ZÞ
þ ½BqLZ1ð~Pj  ZÞT  J j ð60Þ
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BqLZ1ð~Pj  ZÞ þ ½BqLZ1ð~Pj  ZÞT  J j
6 BqLZ1ð~Pj  ZÞJj½BqLZ1ð~Pj  ZÞT ð61Þ
Then, applying Eq. (30), Eq. (60) can be written as
X4 BqL 0
 Z ZT ~Pj  Z
  J j
2
64
3
75 < 0 ð62Þ
where X4 ¼ A~Pj þ ~PjAT  ðvþ a0Þ~Pj þ e1f Iþ J j þ BqLþ
ðBqLÞT
From Eq. (62), Eq. (59) can be written as
X3 Z
T 0 v1ZTcT1 0 0 0
 X4 B1 0 BqL 0 ~Pj
  c20I 0 0 0 0
   X^ 0 0 0
    Z ZT ~Pj  Z 0
     J j 0
      X
2
66666666666664
3
77777777777775
< 0
ð63Þ
From Eq. (63), Eq. (52) can be written as
J3 < 2xTðtÞ~P jBq~K1ðtÞxðtÞ  2kxTðtÞ~P jBk~k4ðtÞ
 lgkxTðtÞ~P jBk2 ~k5ðtÞ þ 2xTðtÞ~P jBq ~WThðxÞ
 2qi ~KT1iðtÞC1i _^K1iðtÞ  2r11 ~k4ðtÞ _^k4ðtÞ
 lr12 ~k5ðtÞ _^k5ðtÞ  2r13 qi ~WTi _^Wi
X2
i¼1
X2
i¼1
ð64Þ
From Eqs. (21), (23) and (24), Eq. (64) can be written as
J3 < 0 ð65Þ
which implies that the flutter system is ultimately uniformly
bounded, and the flutter state x(t) converges to zero.h
Remark 3. Assume that LMIs (40) and Eqs. (41)–(44) are
satisfied, control gain K2(t), K3(t), adaptive update laws K^1iðtÞ,
k^4ðtÞ, k^5ðtÞ and W^ are given by Eqs. (22), (21), (23) and (24)
then the closed-loop flutter system Eq. (26) is stable, then cn
and cf are minimized if the following optimization problem is
solvable
min anc
2
n þ afc2f
n o
s:t: Eqs:ð40Þ andð41Þ ð66Þ
where an and af are weighting coefficients.4. Numerical simulations
In this section, numerical example is provided to illustrate the
validity of our proposed approaches. The flutter of two-
dimensional nonlinear wing is used as numerical example.
Table 1 shows the structural parameters of 2D wing. The
matrices A and B in Eq. (7) are given byA ¼
0 0 1 0
0 0 0 1
1109:7 952:5 0:67 0:00003
27:01 26:24 0:021 0:0002
2
6664
3
7775
B ¼
0 0
0 0
30:37 28:47
0:73 0:67
2
6664
3
7775
8>>>>>>><
>>>>>>>:
In the simulations, the parameters bN, g, Ci, r1, r2 and r3 in
Eqs. (11), (22), (21), (23) and (24) are chosen as
bN ¼ 5; g ¼ 100;Ci ¼ 0:45; r1 ¼ 0:25; r2 ¼ 0:25; r3 ¼ 4:5
The parameters N(t), cN and the initial values of the state
x(t) in Eqs. (9), (11) and (7) are
NðtÞ ¼ 0:5 sin t 0 0 0
0 0 0 0
 
cN ¼
1 0:5 0 0:5 1
1 0:5 0 0:5 1
 
xð0Þ ¼ ½0; 0:5; 0; 0:5T
8>>><
>>>:
The reentry vehicle is assumed to experience the following
faulty case during its operation: before 4 s, the system operates
in normal case, that is, all of the two actuators are normal.
Between the 4th and the 10th second, the first actuator is float
at us(t) = 30 + 30 sin (0.1t) + 20 cos (0.5t) and the second
actuator is loss of effectiveness, that is, q2 = 1  0.05t until
loss effectiveness of 50%. After the 10th second, the second
actuator has float fault and other actuator is loss of effective-
ness, that is, q1 = 1  0.01t until loss effectiveness of 70%.
The perturbations wðtÞ ¼ ½10 sinð0:1tÞ; 15T enter the systems
at the beginning (tP 0 s).
Using algorithm with an= 5, af= 1, we obtain H1 perfor-
mances of the closed-loop flutter system as 0.3923 (normal)
and 1.3553 (fault). Fig. 2 shows that the state variable x(t) of
wing flutter and observer error e in case of fault. Fig. 3 illus-
trates the control signals’ variations under different faults,
which is, the parameter u (t) in Eq. (7). In the simulation of this
paper, we assume that vehicles’ two actuators from the 4th sec-
ond to the 10th second have some faults, while external distur-
bances exist all the time. From Fig. 2 we can see that in the
fault situations mentioned above, by using the controller (as
shown in Fig. 3) which we have put forward in this article,
the flutter can be controlled within 1 s, which verifies the reli-
ability and the robustness of the control method proposed in
this article. Fig. 4 displays the output of neural networks
d^uðxÞ. From Fig. 4, we can see that the neural networks
d^uðxÞ will change parameters to adjust the controller when
the actuator is under saturation situation.
Fig. 5 shows the variation of control gain K^1ðtÞ in different
situations, which K^1ðtÞ ensures the stable of the flutter system.
We also know that K^1ðtÞ varies with the flutter state in
Eq. (21). The faults in the actuator might cause changes in
the flutter state (as shown in Fig. 2). From Fig. 5, control gain
K^1ðtÞ will change parameters to adjust the controller when
faults occur, so that the actuator of the vehicle would receive
effective compensation and return to stable state. From
Robust fault-tolerant control for wing flutter under actuator failure 1017Fig. 5, when wing flutter is back to stable, the control law K^1ðtÞ
will not change any more.
In order to effectively compensate the actuator float fault
and uncertainties of flutter dynamic model mentioned above
and ensure the stability of the flutter system, we design the con-
trol law k^4 and k^5 in this article. From Eq. (23), we can find
that k^4 and k^5 change with the flutter state variation. Under
the circumstances of the faults of actuator and parameters
uncertainty, the state of flutter system may have corresponding
changes. From Fig. 6, we can see that the parameters of con-
trol gain k^4 and k^5 may justify with the flutter system state
when the state of flutter changes. Then the control law of con-
troller (Fig. 3) will be changed and will effectively suppress the
uncertainty of actuator fault and flutter dynamic model. After
the reentry vehicle flutter being stable, we can see from Fig. 6
that parameters of control gain k^4 and k^5 will keep
immutability.
The finite-time closed-loop flutter FTC system with actua-
tor saturation, external disturbances and parameter uncertain-
ties can be ensured to be asymptotically stable in the presence
of actuator faults. The results show that the proposed con-
troller performs very well and accomplishes the flutter suppres-
sion despite these undesired effects in the closed-loop flutter
system.
5. Conclusions
(1) In this paper, a novel finite-time H1 adaptive fault-
tolerant flutter control design scheme is proposed for
wing flutter subject to actuator saturation, external dis-
turbances and parameter uncertainties.
(2) The actuator saturation is approximated by a radial
basis function. Actuator faults are considered, including
loss of effectiveness and float.
(3) The proposed finite-time H1 adaptive fault-tolerant
flutter controller is proved to adaptively adjust con-
troller parameters to compensate the faults, actuator
saturation, disturbances and parameter uncertainties
within the flutter system.
(4) Numerical simulation results further illustrate the effec-
tiveness of the presented approach.
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